Parity doubling structure of nucleon at non-zero density 
in the holographic mean field theory 
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We develope the holographic mean field theory approach in a bottom-up holographic QCD model 
including baryons and scalar mesons in addition to vector mesons and pions. We study the effect 
of parity doubling structure of baryons at non-zero density to the equation of state between the 
chemical potential and the baryon number density. We first show that we can adjust the amount 
of nucleon mass coming from the chiral symmetry breaking by changing the boundary value of the 
five-dimensional baryon fields. Then, introducing the mean field for the baryon fields, we shows that, 
larger the percentage of the mass coming from the spontaneous xSB is, more rapidly the chemical 
potential decreases with increasing baryon number density. We also discuss the interpretation of 
the result in terms of the Walecka-type model. 
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I. INTRODUCTION 

The spontaneous chiral symmetry breaking (xSB) is 
one of the most important features in low-energy QCD. 
This is considered to be the origin of several hadron 
masses, such as the Hghtest nucleon mass. However, there 
is a possibility that only a part of the lightest nucleon 
mass is generated by the spontaneous xSB and the re- 
maining part is the chiral invariant mass. This structure 
is nicely expressed in so called parity doublet models (see, 
e.g. Refs. [1-4]). 

It is an interesting question to ask how much amount of 
the nucleon mass is generated by the spontaneous xSB, or 
to investigate the origin of nucleon mass. Studying dense 
baryonic matter would give some clues to understand the 
origin of our mass, since a partial restoration of chiral 
symmetry will occur at high density region. We expect 
that the mass generated by the spontaneous x^B will 
become small near the chiral phase transition point. 

It is not so an easy task to study the dense bary- 
onic matter from the first principle, namely starting from 
QCD itself: It may not be good to use the perturbative 
analysis, and the lattice QCD is not applicable due to 
the sign problem at this moment. Then, instead of the 
analysis from the first principle, it may be useful to make 
an analysis based on effective models, especially for qual- 
itative understanding. 

Holographic QCD (hQCD) models (see, for reviews, 
e.g. Refs. [5, 6] and references therein.) are constructed 
based on the AdS/CFT correspondence [7-9] and power- 
ful tools to study the low-energy hadron physics. There 
exist several ways to apply hQCD models for dense 
baryonic matter (see e.g. Refs. [10-17]). Recently the 
holographic mean field theory approach was proposed 



* e-mail: he@hken.phys.nagoya-u.ac.jp 

t e-mail: harada@hken.phys.nagoya-u.ac.jp 



to study dense baryonic matter in Ref. [18]. This ap- 
proach allows us to predict the equation of state between 
the chemical potential and the baryon number density. 
In Ref. [18], this approach was applied to a top-down 
model of hQCD [19] including the baryon fields in the 
framework of the Sakai-Sugimoto (SS) model [20]. It 
is known [21] that the SS model provides the repulsive 
force mediated by iso-singlet mesons such as a; meson 
among nucleons, while the attractive force mediated by 
the scalar mesons are not generated. As a result Ref. [18] 
shows that the chemical potential increases monotoni- 
cally with the baryon number density. On the other 
hand, when the attraction mediated by the scalar me- 
son is appropriately included, the chemical potential is 
expect to decrease up until the normal nuclear matter 
density, and then turn to increase (see e.g. Ref. [21]). 
Thus, it is interesting to study whether the chemical po- 
tential decreases with increasing density when the scalar 
degree of freedom is included. 

In this paper, for studying this, we adopt a bottom-up 
model given in Ref. [22] which includes five-dimensional 
baryon field included in the model proposed in Refs. [23, 
24] . There the five dimensional scalar field X is explicitly 
included to express the chiral symmetry breaking by its 
vacuum expectation value (VEV). 

Yet another interest appears in a hQCD model of 
Ref. [22]. Since there is no chirality in five dimension, 
the hQCD model includes two baryon fields; one trans- 
forms linearly under U(2)r, and another under U(2)l. 
The existence of two baryon fields naturally generates the 
parity doublet structure mentioned above. In Ref. [22], 
the boundary condition is adopted in such a way that all 
of the nucleon mass is generated by the chiral symmetry 
breaking. 

In the present analysis, we will show that we can adjust 
the amount of nucleon mass coming from the chiral sym- 
metry breaking by changing the boundary value of the 
five-dimensional baryon fields: The percentages of the 
chiral invariant mass in the nucleon mass is controlled by 
changing the boundary value. We study how the equa- 



tion of state in the dense baryonic matter depends on 
the percentage of the nucleon mass originated from the 
spontaneous xSB in the holographic mean field theory 
approach. Our result shows that, larger the percentage 
of the mass coming from the spontaneous xSB is, more 
rapidly the chemical potential decreases with increasing 
baryon number density. 

This paper is organized as follows: In section II, we 
first review the model proposed in Ref. [22], and then 
show the parity doubling structure. We study the equa- 
tion of state at non-zero baryon density in the model in 
section III. We also discuss the interpretation of our re- 
sults in terms of the Walecka-type model. Finally, we 
give a summary and discussions in section IV. We sum- 
marize several intricate formulas needed in this paper in 
appendix A. 



II. PARITY DOUBLING STRUCTURE OF THE 
MODEL 



The fields relevant to the present analysis are the scalar 
meson field X and two baryon fields A'^i and A''2 , as well as 
the 5-dimensional gauge fields Ra and La, which trans- 
form under the 5-dimensional chiral symmetry as 



X -> gLXg],, (2.1) 

^1 -^ OrNi , (2.2) 

^2 -> ffL iV2 , (2.3) 

Ra -> ,te Ra 9r\ - idA9R. ■ 9r , (2-4) 

La -^ QL La ffl - idAQL ■ g\ ' (2-5) 



where Qr^l € ^{'^)r,l denote the transformation matrix 
of chiral symmetry, and A — ^, z with /x = 0, 1, 2, 3. 
By using these fields, the bulk action is given as 
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In this subsection we briefly review the holographic 
QCD model including baryons given in Ref. [22]. 
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(2.8) 

(2.9) 

(2.10) 
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with A/5 ~ 5/2 and ml = —3 being the bulk masses 
for baryons and mesons, G the scalar-baryon coupling 
constant, g^ the gauge coupling constant. The vielbein 
efj appearing in Eqs. (2.7) and (2.8) satisfies 



A B 
guN = Sm^N VAB ~ -^ 



diag(- 



(2.11) 



where M labels the general space-time coordinate and 
A labels the local Lorentz space-time, with A, M G 
(0, 1, 2, 3, z). By fixing the gauge for the Lorentz trans- 
formation, we take the vielbein as 



3m = -"nil = -diag(- 



-). 



(2.12) 



The Dirac matrices V^ are defined as V^ = 7^ and F^ 
—17^ which satisfy the anti-commutation relation 



{F^,r^}=2r^ 



AB 



(2.13) 



The covariant derivatives for baryon and scalar meson 
are defined as 



VA/iVi = (5m + -^/Tab - i(^2)A/i")A^i (2.14) 



VmN2 

DmX 



{Om + ^^M r^B - iiA%)MnN2 (2.15) 



OmX - iALAiX + iXA 



iRM ■ 



(2.16) 



where F"*^ = [F'^,F'^]/(2z). w^/ is the spin connection 
given by 



AB 

-'m 



B \ZZ 



-iVzVM-VMrizh 



(2.17) 



B. parity doubling structure 

In this subsection, we study the parity doubhng struc- 
ture of baryons in the model described in the previous 
subsection. Note that the analysis in this subsection is 
done for zero chemical potential, so that only the scalar 
field X has a mean field part, or 4-dimensional vacuum 
expectation value (VEV), expressed by Xq. The equa- 
tion of motion (EoM) for Xq is read from the action Sx 
in Eq. (2.10) as 



and 



—B^Xq jdzXo H — ^Xq — . 

The solution for this EoM is obtained as [23, 24] 



^o(^) 



-Mz+ -Gz- 
2 2 



(2.18) 



(2.19) 



where M is the current quark mass and a is the quark 
condensate (qg). By using this vacuum solution, the 
EoMs for A^i and N2 are given by 



lefY^^M - Ms A^i - GXoiVa - , 



iefV^Vu + Ms N^ - GXoiVi ^ . 



(2.20) 
(2.21) 



As done in Ref. [22], we decompose the bulk fields A^i 
and N2 as 



where 



A^2 = A^2L+iV2i?,, 



N2L = iV'N2L , N2R - -ir''N2R . 



(2.22) 



(2.23) 



The mode expansions of Nh^r and N2L.R are performed 
as 



iV- 
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(2.24) 



It is convenient to introduce /j"^ and f_' as 
f (") „ f(") I f(") 

J+l ~ JlL ~^ -hR ' 



p(") _ j-{") 



{») 



J+2 — JiR Hl ' 

f (") _ f('i) _ f(") 

./-I ~ JlL •'2_R ' 

f (") _ f(") I f(") 

^-2 ~ -/IJ?, ^ •/2L ' 



(2.25) 



which satisfy 
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(2.26) 






(2.27) 

with ?Ti^ corresponding to mass eigenvalues. 

It should be noticed that Eq. (2.27) is rewritten as 

Q^jin) ^ 2_+M^jin)_l_^^^2jin) (^^(^O ) (_£"^) ) 

a,(-/l",)) ^ 2^(-/H)-iGazVi:i^ + (-™L"Vi"i^ , 

(2.28) 

which is the same form as in Eq. (2.26). This implies that 
the solutions of Eq. (2.26) and those of Eq. (2.27) arc not 
independent with each other. For example, a solution of 
Eq. (2.26) with negative energy eigenvalue is actually a 
solution of Eq. (2.27) with positive energy eigenvalue, 
which is the reflection of the charge conjugation invari- 
ance at zero density. 

For solving Eq. (2.26) we need to fix the boundary con- 
ditions for f)^^ and /^'j ■ At the UV boundary (2 = 0), 

/_j_" and /_j_2 should be zero required by the normaliz- 
ability. The value of /^i at the IR boundary can be set 
1 without loss of generality since the coupled differential 
equations in Eq. (2.26) are homogeneous equations. In 
Rcf. [22] , the value of /+2 at the IR boundary was taken 
as in such a way that all of the mass of ground state 
baryon is generated by the chiral symmetry breaking ex- 
pressed by the VEV of Xq. 

In the present analysis, we regard the IR value of /+2, 
i.e. /+2|z=z„ = ci, as a parameter, which turns out to 
control the percentages of the chiral invariant mass in- 
cluded in the nucleon mass. We summarize the boundary 
condition in Table I for a convenience. In the remaining 



/+2 



UV IR 



1 
ci 



TABLE I: Boundary conditions for baryon fields 

part of this subsection, we shall show the dependence 
of the percentage of the chiral invariant mass of the nu- 
cleon on the IR boundary value ci, for fixed value of 
z™ = 1/0.33 (GeV)"^ [23]. 

For a given value of ci, we first adjust the coupling G 
to ensure that the lowest eigenvalue becomes the nucleon 
mass of 0.94 GeV. We show how the value of G changes 
depending on the value of ci in Fig. 1. It should be 
noted that the lowest eigenvalue is obtained by shooting 
0.94 GeV through Eq. (2.26) or equivalently by shoot- 
ing -0.94 GeV through Eq. (2.27). We can show that, 
the eigenvalues obtained from Eq. (2.26) with positive 
sign are the masses of the excited nucleons with posi- 
tive parity, while the ones with negative sign are masses 



o 




calculate the mass eigenvalue by solving 



FIG. 1: Value of G determined from ci to make the lowest 
eigenvalue to be the nucleon mass of 0.94 GeV. 



of negative-parity excited nucleons. For Eq. (2.27), the 
parity assignment is interchanged. 

We give an intricate discussion of the parity assignment 
in appendix A. 

We next calculate the masses of higher excited nucleons 
using the value of G determined above for fixed Ci. We 
show the ci-dcpendcncc of several masses in Fig. 2. Here, 
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(n) r{n) 
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djil = ^^^/;'^ + m[,"V|"^ , (2.29) 



for several choices of ci. We consider the lowest eigen- 



value 



.(1) 



denoted as just ttiq, as the chiral invariant 



mass of nucleon. In Fig. 3, we plot the ci dependence of 
the value of 1 — mo/rriN = ^2H2£2 which shows the per- 
centage of the nucleon mass coming from the spontaneous 
chiral symmetry breaking. From Fig. 3 we conclude that. 
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FIG. 2: ci dependence of excited nucleon masses. 



FIG. 3: ci-dependence of — ^^ — -, which shows the percentage 

mjv 
of the nucleon mass coming from the spontaneous chiral 

symmetry breaking. 



in the case of ci ~ 0, which is chosen in Rcf. [22], all the 
nucleon mass comes from the spontaneous chiral symme- 
try breaking. On the other hand, when ci > 0.25, more 
than half of the nucleon mass is the chiral invariant mass. 



III. EQUATION OF STATE IN THE 

HOLOGRAPHIC MEAN FIELD APPROACH TO 

THE MODEL 



N{+) denotes the states with positive parity while N{—) 
stands for negative parity. This figure shows that, for 
ci > cl w 0.12, the first excited state carries the negative 
parity and the second the positive parity, and so on. For 
Cl < cl, on the other hand, the first excited state is the 
positive-parity excited nucleon, which seems consistent 
with the experimental data. 

Finally in this subsection, we investigate the effect 
of dynamical chiral symmetry breaking on the nucleon 
mass. For quantifying this effect, we take a = and 



In this section, we study the finite density system using 
the holographic mean field theory proposed in Rcf. [18]. 
In the holographic mean field theory, all the 5D fields 
are decomposed into the mean fields which depend only 
on the 5th coordinate z and the fiuctuation fields. In 
the present analysis, we consider the symmetric nuclear 
matter, so that the proton and the neutron have the 
same mean fields. Furthermore, we assume that the mean 
fields for the vector and axial-vector gauge fields except 
the U(l)v gauge field and the traceless part of the scalar 
field are zero. Then, in the mean field analysis, we make 



the following replacements: 

X{x,z) -^ X{z)I, 
Vm{x,z) -^ Vm{z)1, 
Am{x,z) -^ 0, 



Ni{x,z) 



^^(^^71 



N^{x,z) ^ Ar2(z)-Lf J 



(3.1) 



1 

V2 



implies that the proton and the neutron have 



where I is the 2x2 unit matrix in the flavor space, and 
^ 1 ^ 
1 

the same mean fields consistently with the symmetric 
nuclear matter. Note that both Ni{z) and N2{z) are 
four-component spinors in the above expression. 
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N22{Z) 
N23{Z) 
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(3.2) 



The equations of motion for the mean fields, X{z), 
Vm{z), Ni{z), N2{z) are given by 



z^dlX - 3zd,X 



mix 



G 



{N2N1+N1N2) = 0, 



4z^{z^^^V^'-^,V'')+gl{Nl^^'Nl + 1^2^X2) = 0, 
{ziT^d^-2iT^ + zr''V^-M5)Ni-GXN2 = 0, 
{ziT''d^-2iT^ + zT^'V^ + M5)N2-GXNi = 0. 

(3.3) 



One can easily show that Vi = V2 = together with 
A'^ii = A^i3 ^ N21 ^ N23 = provides a solution for 
the above equations of motion. Furthermore, V3 = 
becomes a solution when the baryonic mean fields satisfy 
either of the following conditions: 



N12 



-N2i. 

N22, 



(3.4) 



N12 = N24, 

Ni4 = -N22. 



(3.5) 



Thus, in the following, we study the solution with Vi 
V"2 = V^3 = and either of Eq. (3.4) or Eq. (3.5). 
Now, it is convenient to introduce 



7V4 
7V_ 



N12 
N12 






(3.6) 



Then, by using Eq. (3.4) with Vi = 
equations of motion are rewritten as 



V2 = v. 



0, the 



d^X 
dlVo 
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d,x + -^x + -^{nIn+ - nIn^) , 
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-5.1/0 - {^iNlN+ + n1n_) , 
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-N+ - -GXN^ - VoN^ , 

z z 

'''"-N^ - -GXN+ + ^0^^+ • 
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(3.7) 



The equations of motions corresponding to Eq. (3.5) are 
obtained by changing the sign in front of G. The sit- 
uation is similar to the one for Eqs. (2.26) and (2.27): 
The solutions of Eq. (3.7) is connected to the one for 
Eq. (2.26), and the one corresponding to Eq. (3.5) is to 
the one for Eq. (2.27). 

Let us consider the boundary condition to solve the 
equations of motion in Eq. (3.7). First of all, Vg at UV 
boundary corresponds to the chemical potential ^: 



1/0(2 = 0) = M- 



(3.8) 



The derivative at IR boundary is taken to be zero: 
dzVo{z)\z=Zrr^ = 0. In the present analysis we do not in- 
clude the effect of current quark mass, so that the value 
of X at UV boundary is taken to be zero: X{z = 0) = 0. 
There is an ambiguity for the IR value of X. In this 
analysis, following Ref. [13], we fix it to be the value 
determined at vacuum: X{z — Zm) — cro-Zm/2 with 
CTo = 32.23 MeV. This is based on the assumption that 
the IR values are not affected much by the chemical po- 
tential introduced at the UV boundary. For the baryon 
fields, we take the UV values of N+ and N^ to be zero 
following the holographic mean field theory [18]. The 
equations of motion for mean fields are not homogeneous 
equations, so that the normalization of the baryon fields 
become relevant. We change the IR values of N+ and A^_ 
to control the baryon number density, which is written 
in terms of the baryon fields as 



Pb 



dz 



-(iV|iV+ + iv!iV_) = / dzpiz) 



(3.9) 



It should be noted that the ratio of two baryon fields at 
IR boundary is left free as in the previous section. So, 
we use iV_|_(z = Zm) = C2 and N^{z — z^) = C2 x ci, 
where C2 determines the baryon number density while 
ci controls the percentage of the chiral invariant mass 
of nucleon. We summarize the boundary conditions in 
Table II. 

We solve the equations of motion in Eq. (3.7) for given 
values of ci and C2, with regarding ^ in Eq. (3.8) as an 
eigenvalue. Using the solutions for the baryonic mean 
fields 7V+ and N- we calculate the baryon number den- 
sity from Eq. (3.9). We show the resultant equation of 
state, a relation between the chemical potential and the 
baryon number density in Fig. 4. This figure shows that 
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TABLE II: Boundary condition at finite density. The mark 
"-" indicates that the value is not fixed. 
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FIG. 4: Equation of state. The horizontal axis shows the 
baryon number density normalized by the normal nuclear 
matter density of po ~ 0.16 (fm)~ . and the vertical axis 
does the chemical potential by the nucleon mass of 0.94 GeV. 
The dashed line shows the EoS for ci — 0, the solid line for 
ci =0.1 and the dotted line for ci = 0.3. 
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FIG. 5: Density dependence of cr/ao for several choices of c\. 



the larger correction to the scalar from the nucleon mat- 
ter, the smaller ci we choose, the more rapidly the con- 
densate a decreases. The degreasing property of the chi- 
ral condensate is similar to the one obtained in Ref. [13], 
but the ^ decreases more rapidly here than in Ref. [13]. 
This is because we included the density effect iteratively 
through the holographic mean field theory. 

In Fig. 6, we plot the baryon charge distribution p{z) 
defined in Eq. (3.9) for ci = 0, 0.1 and 0.3 with p = po 
fixed. This figure shows that the distribution is sharper 



the chemical potential decreases against the increasing 
baryon number density. This is consistent with the ex- 
istence of the attractive force in the low density region, 
which is caused by the scalar degree in the present model. 
Three lines show that the p, decreases more rapidly for 
smaller value of ci. When the value of ci is decreased, 
more percentages of the nucleon mass come from the chi- 
ral condensate which breaks the chiral symmetry. So, 
this figure implies that the decreasing property is related 
to the partial restoration of the chiral symmetry. 

For cheeking the partial chiral restoration, we study 
the density dependence of the chiral condensate, which 
we define through the holographic mean field X{z) as 



2X{z) 



(3.10) 



We plot the density dependence of the a normalized by 
the vacuum value uo in Fig. 5. This shows that the quark 
condensate a decreases with the increasing number den- 
sity, which can be regarded as a sign of the partial chiral 
symmetry restoration. When the value of ci is decreased, 
the corresponding value of G becomes larger (see Fig. 1) 
to reproduce the nucleon mass. Since the larger G implies 




FIG. 6: Baryon charge distribution p{z)/pb 



for smaller value of ci . This is consistent with the exis- 
tence of stronger attractive force for smaller ci since the 
coupling G is bigger. 



IV. A SUMMARY AND DISCUSSIONS 

We develope the holographic mean field theory ap- 
proach in a bottom-up holographic QCD model proposed 
in Ref. [22] which includes five-dimensional baryon field 
included in the model proposed in Refs. [23, 24]. We first 
study the mass spectrum of baryons with paying atten- 
tion to the chiral invariant mass ttiq, which were formu- 
lated in parity doublet models (see, e.g. Refs. [1-4]). We 
found the parameter (ci), which is one boundary value 
of two baryon fields, controls the percentage of the chiral 
invariant mass: for ci = all of the mass of the ground- 
state nucleon is generated by the spontaneous chiral sym- 
metry breaking, while for ci > 0.25, more than half of 
the nucleon mass is actually the chiral invariant mass. 

We next calculated the equation of state between the 
baryon chemical potential and the baryon number den- 
sity using the holographic mean field approach proposed 
in Ref. [18]. The resultant equation of state shows that 
the chemical potential decreases with the increasing num- 
ber density which is consistent with the existence of the 
attractive force in the low density region. The decreas- 
ing property is caused by the scalar degree in the present 
model. Furthermore, we found that the chemical poten- 
tial fi decreases more rapidly for smaller value of ci . This 
is consistent with the fact that the percentage of the chi- 
ral invariant mass is larger for larger value of |ci|. In 
other word, the larger the percentage of the mass coming 
from the spontaneous x^B is, more rapidly the chem- 
ical potential decreases with increasing baryon number 
density. 

We studied the density dependence of the chiral con- 
densate. Our result shows that the quark condensate a 
decreases with the increasing number density, which is 
consistent with the analysis done in Ref. [13]. Further- 
more, we found that the a decreases more rapidly for 
smaller value of ci. This is because the sigma coupling 
to the nucleon is larger for smaller ci . 

We also studied the baryon number distribution in the 
holographic direction. Our results show that the distri- 
bution is concentrated near the IR boundary for smaller 
ci. This is because the attractive force is stronger for 
larger coupling G. 

We make a comment on the interpretation of the 
present result in terms of the Walecka type model (see 
e.g. Refs. [25, 26]), in which the chemical potential ^ is 
expressed as 



o2 
/^ = 5— P6 



kj, + M* 



(4.1) 



where pi, is the baryon number density, m^ is the omega 
meson mass, g^NN is the ujNN coupling, kp is the 
Fermi momentum, and M* is the effective nucleon mass. 
Note that, in the free Fermi gas, kp is related to pb as 



2ki 



1/3 



/ 2 \ J 
Pb = ^^ : which leads to fc^? = I 2ZI_£iL J jn the present 

hQCD model, the ujNN coupling calculated in vacuum 
as g^NN = 2.45 ^ 2.48 depending on the value of ci. 



(We have checked that the ci-depcndence is negligibly 
small.) Using this g^iNN together with the w meson mass 
TOtj = 783 MeV, we convert the density dependence of p 
obtained in section III into the one of the effective nucleon 
mass M* through Eq. (4.1). We plot the density depen- 
dence of the effective mass M* in Fig. 7. This shows 
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FIG. 7: Density dependence of the effective nucleon mass M* 



that the effective mass decreases with increasing density. 
The decreasing rate is larger than the one obtained in 
Ref. [13], which is again the refiection of the iterative 
corrections included through the holographic mean field 
theory. It should be noted that the decreasing of M* is 
more rapid for smaller value of ci. In other word, the 
larger the percentage of the mass coming from the chiral 
symmetry breaking is, more rapidly the effective mass 
M* decreases with density. 

In the present analysis, we made an analysis only at the 
mean field level. So a natural extension is to consider the 
fluctuations on the top of the mean field obtained here. 
It is also interesting to study the relation between the 
isospin chemical potential and the isospin density based 
on the approach developed in this paper, since the rela- 
tion has a relevance to the symmetry energy. We leave 
these works to the future project. 
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Appendix A: Parity transformation 

In this appendix, we consider the parity transformation 
properties of the 5D fields. As in the 4-dimension, a 
parity transformation should flip the sign of normal three 
spatial coordinates. But the 5th coordinate z, as it is 
defined in the range zjjy < z < zm, does not participate 
in the parity transformation. 



a„ 



A 9^ d, A 






(Al) 



Using these conventions, we obtain the parity transfor- 
mation of 5D fields as 



X{x,z) 
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Xt(.T,z), 


An_,{x,z) 


p 


A/(x,z), 


Ar^,{x,z) 


p 

— > 


A^^{x,z), 


Alz{x,z) 


p 


ARyXx.z), 


Arz{x,z) 


p 

— > 


Al,{x,z). 



(A2) 



For the 5D spinors, their parity transformation properties 
are express as 



Nir{x,z) — > ri2^°N2L{x,z), 
N2l{x,z) -> 'q2j"NiH{x,z), 
N2r{x,z) ^ ?7i7"iVii,(a;,z), 



(A3) 



where rji and 772 are arbitrary phases. 



For explicitly illustrating the parity invariance we 
rewrite the 5D Lagrangian in Eqs. (2.7)-(2.9) in terms 
of chiral basis as 



Jfjv, = Ni{izr'^'dM-2ir'- + zT'^'Alj^.jt''--M5)Ni 

= Nil {izT'^d^, + zF^A^^t") Nil + NiR {izTf'd^ + zF'^Tl^^i") Nir 

+ Nil (izT'd, + zT^Al^t" - 2iF^ - A/g) Nir + Nir {izV'd, + zV'Al^e - 2iF^ - A/g) Nil , 
■^N, = N2{izT^'dM-2ir' + zT^'A%^jt'' + M5)N2 

= N2L {tzT^d^ + zFM^^t") N2L + N2R {izTf^d^ + zTf^A^^e) N2R 

+ N2L {izT'd, + zr''A]i,e - 2iT' + A'/s) N2R + N2R {izT'd, + zT' Al,e - 2iT' + A'/g) N2L 
^int = -G[N2XNi^NiX^N2] 

= - G[N2lXN^r + N2rXN^l + NilX^N2r + NirX^ N2l] ■ 

Under parity transformation, they transform as 

p 



^1 



Ni 



zF'^Tl^^t") N2R 



^1 



N2 



<=Zy\r 



rii*mN2R{izr''d^ 
+m*mN2L {^zT^'^^ + zT^'Al^e) N2L 
-m*V2N2R {izT^d, + zT'A1i,e - 2zF^ + M^) N2L 
~V2*mN2L i^zT'd, + zT'A%,e ~ 2zF- + M^) N2R , 

V2*mNiR {tzTf^d^ + zTf^Al^e) iVifl 
+m*mNiL {izTf^d^ + zT'^Al^t'') Nil 
-V2*mNiR [izT'd, + zT'Al.e - 2iT' - Afg) N^l 
-m*mNiL {izV^d, + zT^Al.e ~ 2iV^ - Afs) N^R , 

-G[7^2*V2{NirX^N2l + N2lXNir} 
+Vi*ViiNiLX^N2R + N2rXNil)] ■ 



It is easy to see that these actions are parity invariant if ?/i and ?/2 satisfy 

'7i*'7i = V2*r]2 = 1 , m*^ = 112*111 = -1 • 



(A4) 

(A5) 
(A6) 



(A7) 



(A8) 
(A9) 

(AlO) 
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